1] Explosive volcanic eruption columns are generally subdivided into a gas-thrust region and a convection-dominated plume. Where vents have greater than atmospheric pressure, the gas-thrust region is overpressured and develops a jet-like structure of standing shock waves. Using a pseudogas approximation for a mixture of tephra and gas, we numerically simulate the effects of shock waves on the gas-thrust region. These simulations are of free-jet decompression of a steady state high-pressure vent in the absence of gravity or a crater. Our results show that the strength and position of standing shock waves are strongly dependent on the vent pressure and vent radius. These factors control the gas-thrust region's dimensions and the character of vertical heat flux into the convective plume. With increased overpressure, the gas-thrust region becomes wider and develops an outer sheath in which the erupted mixture moves at higher speeds than it does near the column center. The radius of this sheath is linearly dependent on the vent radius and the square root of the overpressure. The sheath structure results in an annular vertical heat flux profile at the base of the convective plume, which is in stark contrast to the generally applied Gaussian or top-hat profile. We show that the magnitude of expansion is larger than that predicted from previous 1D analyses, resulting in much slower average vertical velocities after expansion. These new relationships between vent pressure and plume expansion may be used with observations of plume diameter to constrain the pressure at the vent.
Introduction
[2] In large, explosive volcanic eruptions, the eruptive fluid issues from the vent as a high speed, compressible gas with entrained solid particulates. It is important to quantify the behavior of this gas-thrust region because it provides a connection between the fluid dynamics in the conduit and that of the buoyant column. If the eruptive fluid velocity is at or greater than sonic and vent pressure is higher than atmospheric pressure, the dynamics will be complicated by the presence of standing shock waves that can drastically alter the distribution of the vertical heat flux necessary for eruption column stability. The fluid dynamics and structure of a compressible jet issuing from a sonic nozzle into an ambient atmosphere of lower pressure are well known from experimental, analytical and computational studies [e.g., Crist et al., 1966; Young, 1975; Norman et al., 1982; Figure 1] . Although application of compressible jet dynamics to explosive volcanic eruptions was first suggested over 25 years ago by Kieffer [1981] , the concept has yet to be widely applied in modeling and analysis of explosive eruption columns.
[3] In this paper, we present computational results that quantify the important effects of vent pressure on the fluid dynamics of volcanic jets and show that overpressured jets produce vertical heat flux profiles that are drastically different than those of pressure-balanced jets. (Note: to avoid confusion, here we use the physics convention and consider ''heat flux'' the thermal energy transfer per area per unit time (J m À2 s À1 ) and ''heat flow'' the thermal energy transfer integrated over an entire area per time (J s À1 ). In volcanology literature, the term ''heat flux'' is often used to mean either of these things [e.g., Woods, 1988; Mastin, 2007] ). The simulations shown here are time-dependent, though they assume a steady vent condition. Through these simulations, we quantify the effects of vent pressure and radius on plume radius and heat flux distribution after expansion of the jet. This may allow the prediction of major features of the eruptive structure. We do not consider the effects of variations in conduit dynamics, buoyancy, or the presence of a crater in order to focus only on the effects of vent pressure and radius alone. This study is not a complete picture of the complicated flow dynamics of a volcanic eruption. Rather, the results presented here could be considered the ''simplest case'' to which one could compare the dynamics resulting from more complicated simulations and observations of high-pressure volcanic jets.
[4] Although fixing the vent pressure to that of the surrounding atmosphere drastically limits the complexity of the flow field, this simplifying assumption allowed fundamental aspects of volcanic eruption dynamics to be determined. We briefly highlight only a few of them here (for a more thorough review, see Valentine [1998] and Woods [1998] ).
[5] Wilson et al. [1978] demonstrate that eruptive columns behave like convective thermal plumes [Morton et al., 1956] with a height proportional to the quarter-root of mass flow. This important finding built upon the earlier prediction that eruptive mass flow is determined by conduit and vent shape and size [Wilson, 1976] . Since that time, 30 years of observation and experiments have supported Wilson's predictions and demonstrated that vent shape and size also evolve during the course of an eruption [Wohletz et al., 1984; Woods, 1995; Valentine and Groves, 1996; Sparks et al., 1997b] . Notably in the last decade, a research group now at the Instituto Nazionale di Geophysica e Volcanologia of Pisa demonstrated the advantages of making nonlinear numerical simulations in two and three dimensions with sophisticated constitutive relationships and subgrid-scale turbulence parameterizations [e.g., Dobran, 1992; Macedonio et al., 1994; Papale et al., 1998; Neri et al., 2007] . These models have improved our understanding of the factors that influence eruptions including magma viscosity, rheology and composition.
[6] Kieffer first suggested that the well-understood fluid dynamics of an overpressured, supersonic jet could describe volcanic eruption dynamics; she used this understanding to explain the lateral blast of Mount St. Helens on May 18, 1980 [Kieffer, 1981] . She applied the method of characteristics to solve for the general flow field and locations of standing shock structures in the proximal areas of the blast (for a description of this commonly used method, see [Thompson, 1972] ). This approach was later expanded [Kieffer, 1989] and used with laboratory experiments of overpressured jets as volcanic analogs [Kieffer and Sturtevant, 1984] . This theory of volcanic jets has been more widely applied in the planetary volcanism regime, e.g., sulfuric plumes on Io [Kieffer, 1982] , where large overpressure ratios are more easily achieved due to low atmospheric densities. However, the theory that the gas-thrust region of volcanic jets may controlled by compressibility effects (and associated shock waves) has not been widely applied to eruption columns on Earth in most studies. These effects are typically assumed to be ''small'' and to have little influence on the dynamics of the larger column [e.g., Woods, 1988 ].
[7] Groups at Los Alamos National Laboratory and the Instituto Nazionale di Geophysica e Volcanologia of Pisa have performed a number of simulations including the effects of compressibility and vent pressure. Wohletz et al. [1984] applied an implicit multifield Eulerian numerical method to simulate the initial phases of a large calderaeruption, showing that overpressure produces a blast wave analogous to the physics of a shock tube. Later, Valentine and Wohletz [1989] computed later-stage eruption column development, finding that overpressure is a dominant control of whether or not column collapse occurs. Using computational simulations, Neri et al. [1998] and Neri et al. [2002] show that overpressured, supersonic volcanic jets accelerate vertically and expand laterally much more rapidly than jets issuing at atmospheric pressure resulting in a more complicated fluid dynamics. Most recently, Pelanti [2005] developed a numerical algorithm for modeling of high speed, compressible multiphase flows. Her simulations of overpressured jets demonstrate the importance of accounting for shocks in the gas-thrust region. Woods and Bower [1995] also explore the effects of rapid expansion and decompression from shock waves in one-dimensional (1D) semi-analytical conduit and plume models with and without a crater. The results of our study are compared to previous work in the discussion section.
[8] Although not extensively studied in volcanology, numerous experimental, analytical and computational studies on overpressured supersonic jets at laboratory and machine scale have yielded a wealth of information about this complicated and often counterintuitive fluid dynamics. With the development of rocketry and high-speed air travel in the mid-20th century, laboratory experiments of supersonic jets [e.g., Ladenburg et al., 1949] emerged. These experiments consist of gas at high pressure expanding through a nozzle, accelerating to sonic or supersonic velocities, and exiting into a quiescent chamber (or atmosphere) at lower pressure. A jet is considered underexpanded if the pressure at the end of the nozzle (i.e., beginning of the atmosphere) has not fully dropped to the atmospheric pressure. In other words, the ratio (K) of the pressure at the vent (P vent ) to the pressure in the atmosphere (P atm ) is greater than one. Similarly, jets are considered overexpanded and perfectly expanded when K < 1 and K = 1, respectively. Here we use the term ''overpressured'' to refer only to the higher pressure at the vent relative to that of the undisturbed atmosphere. Counterintuitively, expansion of overpressured gas chambers through vents can result in values of P vent that are underpressured or overpressured relative to P atm or equal to P atm depending on the shape of the vent. In volcanic eruptions, this is particularly important since most eruptions take place through a vent or crater. Some straight-sided vents may decompress a fluid without the formation of shock waves [Woods and Bower, 1995; Pelanti, 2005] . However, the reality of vent shape is much more complicated as its evolution is coupled to the flow. Although not included in this study, the effects of vent shape likely represent a first order control of eruption dynamics that needs to be addressed.
[9] Various imaging techniques, including, shadowgrams, Schlieren photographs, and interferograms have been used to document density variations and flow field structure within experimental jets. The early experimental studies [e.g., Ladenburg et al., 1949; Lewis and Carlson, 1964; Crist et al., 1966; Antsupov, 1974; Chang and Chow, 1974] provided information about the general flow field ( Figure 1 ) and empirically determined relationships between the dimensions of the standing shock structures and the vent radius (r vent ), the Mach number (M vent ) at the vent (i.e., the ratio of the fluid velocity, v, to the sound speed, c), the overpressure ratio (K) and the isentropic expansion coefficient (i.e., the ratio of specific heats, g) of the gas.
[10] These empirical relationships determined by the experimental studies suggest a 1D analytical solution for Mach disk height, prompting a number of analytical studies of underexpanded jet dynamics [e.g., Adamson and Nicholls, 1959; Young, 1975; Ewan and Moodie, 1986 ]. Using first principles and some assumptions of ideal behavior, these studies verified that, for a given mass flux at the vent, the Mach disk height is proportional to the vent radius and the square root of the overpressure (as well as a limited dependence on g). In addition to these 1D solutions, semi-analytical solutions using the method of characteristics [e.g., Chang and Chow, 1974] have also provided information about the location and strength of shock waves in underexpanded jets. These methods compare well to experimental jets in the region up to and including the Mach disk.
[11] Both experimental and analytical studies of underexpanded jets have provided insight to the basic fluid dynamics in this regime. However, each is limited in scope. The measurements in experimental studies are strongly limited by the magnitude of velocities, the presence of shock waves and temporal and spatial resolution. Analytical studies can be very applicable to the flow field just downstream of the vent. However, after the first Mach disk, the flow field typically becomes too turbulent for the method of characteristics [Thompson, 1972] ; and the lack of correlation between fluid velocities of the axial and outer regions precludes a 1D treatment downstream of the first Mach disk [Chang and Chow, 1974] .
[12] The limitations of analytical solutions and experimental design and measurement lead to the development of computational studies of the flow dynamics of underexpanded jets [e.g., Norman et al., 1982; Gribben et al., 2000; Ouellette and Hill, 2000; Li et al., 2004; Cheng and Lee, 2005] . Unlike laboratory experiments, computational simulations provide spatial and temporal information about the fluid flow limited only by computational power, not instrument capabilities. In addition, computational simulations do not require the simplifying approximations needed for analytical methods. These advantages enable computational studies to focus on the more complicated aspects of the fluid dynamics, like the axial flow profile downstream of the Mach disk and the turbulent entrainment and mixing of particle laden jets [e.g., Post et al., 2000] . Of course, computational studies also have limitations, which we describe in the discussion section.
Methods
[13] Thirty-five time-dependent simulations of pseudogas jets expanding into ambient air were produced for a range of vent radii and overpressure ratios. These simulations are performed in the absence of gravity in order to isolate the effects of compressibility. (Simulations of volcanic jets with gravity and a stratified atmosphere are presented by Ogden et al. [2008] ). The simulations for this study were performed with CFDLib, a computational fluid dynamics library developed at Los Alamos National Laboratory. CFDLib utilizes a finite volume computational scheme with cellcentered state variables to solve the Navier-Stokes equations for multiple fluids [Kashiwa and VanderHeyden, 2000] . It is written in modular format and can solve a variety of computational fluid dynamics problems in one-, two-, or three-dimensions. It utilizes a multiblock data structure that is highly efficient when run on parallel processing supercomputers. For compressible materials, CFDLib uses a Figure 1 . A snapshot of a simulated underexpanded jet (a) with a schematic describing the flow field at the base (b). As fluid flows from a nozzle at sonic velocities with a pressure that is greater than the atmospheric pressure (1), the fluid undergoes Prandtl-Meyer expansion, rapidly accelerating to high Mach numbers (2, 3) and decreasing in pressure and density. A continuous series of expansion waves form at the nozzle exit (4), which are reflected as compression waves from the free surface at the jet flow boundary (5). These compression waves coalesce to form a barrel shock (6) roughly parallel to the flow, and a standing shock wave called a Mach disk (7) perpendicular to the flow. The high Mach number fluid crossing the Mach disk undergoes an abrupt decrease in velocity to subsonic speeds (8), and increases in pressure and density. The resulting fluid dynamics after the Mach disk consist of a slow moving (subsonic) core surrounded by a fast moving (supersonic) shell with a turbulent eddy producing shear layer, or slip line (9), dividing these regions. The length scales of this structure are dependent on the nozzle diameter and the ratio of the inflow pressure to the ambient pressure and are weakly dependent on the isentropic expansion coefficient of the fluid. variation of the Implicit Continuous-fluid Eulerian (ICE) method, developed in the late 1960s [Amsden and Harlow, 1968; Harlow and Amsden, 1975] .
[14] Modeling supersonic turbulent flow requires a numerical technique that can resolve shock waves with high precision. CFDLib employs a modified Godunov method [Godunov, 1999] , well established as one of the best methods for this type of problem, which can resolve a shock front with a small number of grid cells. The simulations we present here were performed using a cylindrically symmetric two-dimensional (2D) mesh of an air filled cylinder initially at rest with a pressure (P atm ) and temperature (T atm ) of 101,325 Pa and 298 K, respectively ( Figure 2 ). In the middle of the cylinder at the bottom we specify an inflow boundary to simulate a volcanic vent. The top of the cylinder allows outflow of heat and fluid. The side and bottom boundaries (excluding the vent) are impermeable, stress-free boundaries. We stop our simulations when the eruptive fluid reaches the top of the cylinder, which takes between 3 and 125 s, depending on the case simulated. These simulations typically require from 15,000 to 200,000 numerical time steps.
[15] In order to minimize complexity and present our results in context of previous efforts, we model the eruptive fluid as a pseudogas and the atmosphere as a simple diatomic gas, both behaving as ideal gases. The pseudogas approximation treats the entrained particles as another species of gas, remaining perfectly mixed with a vapor phase (steam) such that the two species coexist in perfect thermodynamic and mechanical equilibrium.
[16] To fully specify the eruptive fluid as an ideal gas mixture, we determine the effective gas constant (R fluid ) and the isentropic expansion coefficient (G). For the pseudogas approximation, R fluid = nR gas , where n is the mass fraction of volatiles in the mixture and R gas is the gas constant for the vapor phase [Kieffer, 1981] . We assume a rhyolitic magma composition with 4 wt.% aqueous fluid (R gas = 461.5 J/kgK), a mid-range value for magma volatile content [Sparks et al., 1997a] . Our eruptive fluid then has R fluid of 18.46 J/kgK, that is, a molecular weight of 450.4 kg/kmol. The isentropic expansion coefficient for a pseudogas is defined as
where C p and C v are the specific heat capacities of the gas (steam) at constant pressure and volume, respectively, and C s is the specific heat capacity of the entrained (solid) particles. We use C s = 1000 J/kgK, an average value for volcanic rock. Although C p and C v vary with temperature and pressure, the equation is dominated by C s (since n ( 1). Therefore we choose a fixed G of 1.02. Within the range of temperatures and pressures computed in our simulations, this fixed value is always within less than a percent of G calculated with the varying C p and C v . The physical meaning of this value of G is that our pseudogas behaves as an almost perfectly isothermal gas (G = 1), which is expected for eruptive fluids in which sufficiently small particles continuously supply heat to the expanding gas [Kieffer, 1981] .
[17] We assume a choked flow condition at the vent; therefore the inflow velocity is the sound speed of the eruptive fluid, c = (G R fluid T vent ) 1/2 , where T vent is the temperature of the eruptive fluid at the vent. It has been shown analytically [Young, 1975] and experimentally [Wu et al., 1999] that shock dimensions in underexpanded jets do not depend on the ratio T vent /T atm below supercritical temperatures. For all of the simulations we present here, we specify a T vent of 1200 K. Therefore the inflow velocity at the vent is the same for all of our simulations, 150.3 m/s. In reality, conduit dynamics leading to vent exit conditions are highly varied and non-linear. We stress that we are not taking into consideration many of the known variations, choosing instead to focus on the effects of vent radius and overpressure on a specific vent exit condition.
[18] We perform simulations using five different vent radii (r vent ): 10, 20, 40, 80, and 100 m. For each r vent , we simulate seven different overpressure ratios: K = 1, 5, 10, 20, 40, 80 and 100. We vary the pressure of the eruptive fluid by changing the density of the eruptive mixture Figure 2 . Simulation design. Thirty-five time dependent simulations of overpressured volcanic jets were run with CFDLib in a 2D cylindrical mesh with an axis of symmetry passing through the jet centerline. We begin with a cylinder of air at rest and specify an outflow condition at the top of the box, a small inflow boundary representing the vent at the base, and free-slip boundaries everywhere else. An inflow of pseudogas at sonic speeds is specified at the base. The simulations consist of seven different overpressure values at the vent (K = 1, 5, 10, 20, 40, 80, and 100), and five different vent radii (r vent = 10, 20, 40, 80, and 100 m). The height (z max ) and width (r max ) of the mesh are about ten and five times the expected height of the first Mach disk, respectively. We present data from the small subsection of the total mesh, the ''analyzed region'', in the remainder of this paper.
Figure 3
according to an ideal gas equation of state so that the density of the eruptive fluid at the vent (r vent ) is
Using the values given for R fluid , T vent and K, we solve equation (2) for inflow densities ranging from about 4.6 to 460 kg/m 3 for our simulations.
[19] We determine a simulation domain height and diameter (z max and 2r max in Figure 2 ) to be about 10 times the anticipated Mach disk height, estimated with the empirical formula of Lewis and Carlson [1964] . This consideration places the boundaries far enough away so they do not affect the results of the simulations. We use a uniform mesh with a cell size based on the simulation height. For simulation heights of 0-2 km, 2-5 km and 5 -15 km we use uniform square cells with widths of 1, 2 and 4 m, respectively. We have tested the effects of smaller cell sizes on our simulations and find negligible differences in the flux profiles and jet structures.
[20] Because numerical diffusion is resolution dependent and the jet flow regime is dominated by inertial forces, we further simplified our simulations by specifying zero viscous and thermal diffusivities. For these experiments, it is easy to show that their characteristic effects are much smaller than the imposed advection; setting them to typical values for the atmosphere and erupting fluid produced no visible differences, but their specific parameterization is expected to be important for other eruptive flow regimes.
[21] Snapshots (graphical portrayal of the calculated flow field at a specific time) are presented for qualitative understanding of the flow structures. All other plots are time averages of the data from the final 4/5 of each simulation, which consists of the time after the establishment of the steady state barrel shock and Mach disk structures. All data presented for radial profiles are taken from heights 25% higher than the time-averaged height of the Mach disk for each simulation.
Results

General Flow Structure
[22] Our simulations closely match the expected behavior of a supersonic, high-pressure jet as described in Figure 1 . An example of the development of this structure can be seen in the series of vertical velocity snapshots in Figure 3b (within the ''Analyzed region'' indicated in Figure 2 ) for the simulation of K = 5 and r vent = 10 m. All of our simulations begin with a compression wave (bow shock) that precedes the eruptive fluid. As the fluid expands rapidly from the vent, it accelerates and its pressure, density and temperature decrease. A barrel-shaped shock structure develops, topped with a horizontal Mach disk. The fluid in the core of the jet crosses the Mach disk, undergoing an abrupt decrease in velocity and increase in pressure, density and temperature. The fluid to either side of the standing Mach disk does not experience a strong shock, but flows around the Mach disk forming a high speed, turbulent sheath surrounding the slow moving core. Similar velocity profiles are seen in other simulations of overpressured volcanic jets [Neri et al., , 2002 Eposti Ongaro and Neri, 1999; Pelanti, 2005] . This flow field is typical of all of our overpressured simulations (K > 1). For comparison, Figure 3a shows snapshots of a pressure-balanced jet (K = 1) with the same vent radius as in Figure 3b and at the same time steps using the same color scale. Pressure-balanced jets behave like incompressible fluids and do not rapidly expand at the vent. Instead, a steady velocity profile persists throughout the column that mimics that of the vent. Figure 3c shows the largest jet of this study, r vent = 100 m K = 100, illustrating the increase in turbulence at higher overpressures. The height of the Mach disk (h disk ) in all of our overpressured simulations ( Figure 4 ) depends linearly on vent radius (r vent ) and on the square root of the overpressure ratio (K): h disk = 1.7 r vent K 1/2 . This is consistent with analytical [Adamson and Nicholls, 1959] and experimental results [Lewis and Carlson, 1964; Crist et al., 1966; Antsupov, 1974; Addy, 1981] .
Axial Profiles
[23] Although axial profiles are not adequate to describe the dynamics of the flow field, we include them here to illustrate some of the counterintuitive effects of sonic jet expansion. The effect of the Mach disk on the flow along the jet centerline can be seen in Figure 5 , which shows snapshots of axial profiles of vertical velocity (a), density (b), pressure (c) and vertical heat flux (d) for a typical overpressured simulation. The rapid expansion and acceleration of the fluid is clearly seen above the vent, upstream of the Mach disk. In all overpressure cases, the pressure along the axis rapidly decreases, dropping below atmospheric pressure. In our simulations, the pressure just before the first Mach disk ranges from 0.1P atm (K = 100 cases) to 0.15P atm (K = 5 cases). This overshooting of the expansion to levels below atmospheric pressure during expansion is well known, and its magnitude is dependent on M vent , K, and G [e.g., Adamson and Nicholls, 1959] . [24] The fluid on the axis continues to accelerate and decompress until it crosses the Mach disk. As the fluid crosses this shock wave, pressure increases in a stepwise manner to something slightly higher than that of the atmosphere for our eruption-scale jet simulations. At this point, the vertical velocity of the fluid on the axis decreases to subsonic speeds. Along the axis, the temperature and density of the fluid decrease rapidly with expansion and increase in an abrupt manner across the Mach disk. The axial vertical heat flux profile below the Mach disk is dominated by the rapidly decreasing density and temperature, decreasing in magnitude with height despite the increase in velocity during the initial expansion.
[25] As the fluid rapidly expands, it undergoes a large acceleration, which is dependent on v vent (sonic in all of the cases presented here), K (a varied parameter), and G (1.02 in all cases). Larger initial overpressure ratios (K) cause greater expansion and acceleration of the fluid. This may seem to imply that larger overpressures result in larger vertical velocity on the axis at the base of the buoyant plume. However, due to the Mach disk, the opposite occurs. The higher the Mach number of any compressible fluid before passing through a shock, the stronger the shock will be. That is, the more supersonic the upstreamflow the more subsonic the flow is downstream of the Mach disk. For a perfect gas, this relationship is governed by
where M 1 and M 2 are the Mach numbers upstream and downstream, respectively, of a compressive shock front [Liepmann and Roshko, 1957] . Therefore although counterintuitive, an increase in overpressure results in a decrease in fluid velocity on the axis above the Mach disk for the sonic vent conditions we have prescribed. The drop in vertical velocity across the Mach disk as a function of overpressure can be seen in Figure 6 .
Vertical Heat Flux Distribution
[26] The shock structure that develops and the resulting downstream velocity pattern determine the heat and mass flux distributions in the lower part of the plume. Figure 7 shows snapshots of different variables at the same times in the jet region for a typical simulation. The vertical mass flux, rv z (Figure 7a ), and the vertical advective heat flux, q = C p (T fluid À T atm )rv z (Figure 7b) , are dominated by the density (Figure 7c ) and fluid temperature (Figure 7d ) below the Mach disk and by the vertical velocity (Figure 7e) above the Mach disk. The velocity distribution created by the standing shock structures results in an annular vertical heat flux profile above the Mach disk, i.e., a slowly rising fluid in the core with little advective vertical heat flux surrounded by rapidly rising fluid in a sheath that contains the bulk of the heat flow. A three-dimensional representation of this annular structure is shown in Figure 8b for the case with K = 5 and r vent = 10 m. For comparison, the vertical heat flux profile at the same height for the jet with K = 1 with the same vent radius is shown in Figure 8a . The distinct top-hat vertical heat flux profile is clearly apparent in the pressurebalanced case (Figure 8a ), but is replaced by an annular structure in the ovepressured jet with a minimum vertical heat flux on the axis (Figure 8b) .
[27] The shape and size of these annular structures depend on the vent radius and the overpressure ratio. Figure 9 shows the vertical heat flux profile in radius for a slice just above the Mach disk for all of our cases. The vertical heat flux profiles in radius above the Mach disk for a given overpressure have the same basic shape and magnitude when normalized to vent radius. Increasing vent radius and increasing overpressure forms wider jets with thicker fast moving sheaths.
[28] The radius of the annulus increases linearly with vent radius and with the square root of the overpressure. Figure 10 shows the radius of the peak vertical heat flux (r peak ) above the Mach disk as a function of the overpressure. Our simulations suggest that, to first order, r peak goes as
This analytical equation and others presented here are descriptions of data trends and are not best fit calculations. The radius of the Mach disk, which is controlled by the same dynamics that forms the annulus, follows this same general relationship in our simulations and in other experimental and analytical studies [e.g., Crist et al., 1966; Antsupov, 1974; Addy, 1981; Cumber et al., 1995] .
[29] The magnitude of the vertical heat flux in this annular profile drops off with increasing overpressure. Figure 11 shows the peak vertical heat flux (q peak ) in the sheath above the Mach disk as a function of overpressure for all overpressured cases. From these data, the magnitude of the vertical heat flux as a function of the vent vertical heat flux (q vent ) and overpressure (K) can be estimated as
Since q vent increases linearly with K, the difference between the commonly used parameter q vent and the more physically relevant q peak increases with K.
[30] As seen in Figure 9 , the width, or thickness, of the fast moving sheath is also a function of vent radius and Figure 6 . Time-averaged decrease in vertical velocity across the Mach disk on the axis as a function of overpressure for all overpressured simulations. As discussed in the text, increasing overpressure increases axial velocities resulting in stronger Mach disk shocks and a greater decrease in velocity across the shock.
overpressure. An approximation for this width can be made by simple geometric arguments and by conserving heat flow ( Figure 12) . A good approximation for the heat flow through the entire sheath (Q, Js À1 ) is
where w is an estimate for the thickness of the ring where q = 1 = 2 q peak . Since the bulk of the heat flow-passes through the sheath and these simulations are relatively steady in time (i.e., heat flow is conserved vertically), a good assumption is that Q can be set equal to the heat flow at the vent (Q vent ):
Setting equation (6) equal to equation (7), using the empirical relationships shown in equations (4) and (5), and solving for w, we find
Thus together, equations (4), (5) and (8) provide a first order description of the vertical heat flux distribution and magnitude above the Mach disk as a function of the radius, overpressure and vertical heat flux at the vent. Alternatively, one could define an annulus with an average heat flux of 1 = 2 q peak , which would have a thickness of 1 = 3 r vent K 3 = 4 . [31] These crude approximations do not perfectly describe the system. For example, our approximation for r peak (equation (5)) is more accurate at high K and that for w is more accurate at low K (equation (6)). Additionally, how high into the column above the Mach disk this vertical heat flux distribution persists cannot be calculated from these preliminary simulations since buoyancy forces have not been included.
Mach Disk Stability
[32] In addition to increasing the plume width, an increase in overpressure or vent radius decreases the stability of the Mach disk. Figure 13 shows the variability (in time) of the Mach disk height as a function of the average Mach disk height, h disk , on the axis. At higher overpressures and larger vent radii (i.e., higher and wider Mach disks), the Mach disk height is more time-dependent, and its shape is more undulatory. A fit to the data in Figure 13 gives the standard deviation (s h ) of the Mach disk height to be proportional to h disk 5/4 . [33] In general, the larger jets are more chaotic and produce more turbulent eddies than the smaller jets. These turbulent eddies cause more oscillation and disruption as they interact with the Mach disk. The smaller, more laminar jets have cleaner annular velocity profiles ( Figure 9 ) and smaller turbulent boundary layers, which produce less interference and fewer oscillations in the Mach disk. The interaction between shock fronts and turbulent shear layers is currently a very active area of research as it causes noise known as jet screech in large jet engines.
Discussion
Implications for Plume Models and Hazard Assessment
[34] The majority of volcanic plume analyses used for hazard assessment employ one-dimensional, semi-analytical models that assume the radial distribution of the vertical velocity within the plume to be either a Gaussian or top-hat profile with the highest velocities on the centerline axis. This kind of velocity profile is typically associated with incompressible or pressurebalanced (K = 1) jets and can be seen in Figures 3a and 8a . The velocity profile in a plume controls the magnitude of the air entrainment into the plume and therefore its maximum height and stability. The maximum height of the plume, along with other factors, like rainfall and horizontal wind, determines the direction and extent of the affected fallout region and the amount of long-term atmospheric residence. The amount of entrainment relative to the amount of heat flow also determines the stability of the column and may lead to the formation of dangerous lateral flows by column collapse.
[35] Our simulations of overpressured jets show that within the gas-thrust region, the vertical velocity in a plume develops an annular profile, a fast rising sheath surrounding a much more slowly rising core of the plume. This concentration of mass flux near the boundary of the plume likely changes the entrainment dynamics such that significantly more or less surrounding air is mixed into the plume compared to a plume with the same total heat flow but with the traditional top-hat velocity profile. The effects upon entrainment remain a problem for future study, which also suggests that predictions for column collapse and plume height may also need to be revised. It is uncertain from our simulations whether or not this velocity profile persists into the buoyant region of the plume. At a minimum, the annular velocity profile affects entrainment rates within the gas-thrust region of the jet. This annular profile may persist into the buoyant plume region (especially for large overpressures), therefore affecting the dynamics of the entire column.
[36] It has previously been suggested that the heat flux distribution within the plume may have an important effect on column stability. Legros et al. [2000] suggest that the curtain jets present in ring-fissure conduits increase air entrainment making the transition to column collapse more difficult. In our case, the vertical heat flux distribution is controlled by the level of overpressure at the vent, implying a relationship between overpressure magnitude and column height and stability. Preliminary simulations including a stratified atmosphere and gravity are presented by Ogden et al. [2008] .
Field Application: Vent Pressure Estimates
[37] The rapid expansion apparent in many volcanic eruptions including the Plinian eruption of Mount St. Helens, 18 May 1980, [Woods, 1988] , suggest a sonic or Figure 8a , a top-hat profile vertical heat flux profile of simulation r vent = 10 m and K = 1, is the expected profile for K = 1 or incompressible fluids. Figure 8b , an annular vertical heat flux profile of simulation r vent = 10 m and K = 5, is typical of all simulations with K > 1. Note the hollow center in Figure 8b and flat top of Figure 8a . The heat flux relative to the vent heat flux in overpressured jets (Figure 8b) is lower than that of pressure balanced jets due to the increased area of the plume. supersonic overpressured vent. It may be possible to use the observed plume dimensions to constrain the order of magnitude of this overpressure. Since the fast moving sheath defines the outer part of the plume above the Mach disk, we can use the radius of the peak vertical heat flux in this structure (r peak ) as a proxy for plume radius. Equation (4) therefore provides a first-order estimate for vent overpressure based on the ratio of the plume radius in the lower part of the column to the vent radius (r vent ). For example, for the Mount St. Helens eruption above, field data suggest r vent = 60 m and r peak % 500 m [Woods, 1988] . Therefore assuming this eruption had a sonic vent velocity, the vent pressure was at least 70 times atmospheric pressure.
[38] Several uncertainties are inherent in this estimation. First, it is based on simulations performed with an ideal gas approximation for a multiphase fluid. Simulations and laboratory experiments with particle-laden jets show that the addition of entrained solid particles makes the barrel shock structure shorter and wider [Hishida et al., 1987; Dartevelle, 2006] . Also, the simulations presented here prescribed a Mach number of unity at the vent. Multiphase effects and vent flaring may cause rapidly expanding volcanic eruptions to have higher Mach numbers at the ground surface, which would lead to greater expansion for the same overpressure ratio. The visual plume radius used here (500 m) is actually larger than the radius of the peak velocity in the sheath (r peak ) used for this estimate. These Figure 9 . Time-averaged vertical heat flux above the Mach disk as a function of distance from the jet centerline for all simulations. Vertical heat flux (q, Jm À2 s À1 ) above the Mach disk as a function of distance from the jet centerline (r) normalized to the vent radius (r vent ). Each frame is a different overpressure value showing the shape of the heat profile as a function of overpressure. The increasing radius of the peak heat flux and the decrease in heat flux with increasing overpressure are shown in Figures 10 and 11 , respectively. (Note that the density and therefore the heat flux at the vent increases directly with overpressure. Therefore the apparent increase in heat flux between K = 1 and K = 5 is actually due to the increase in heat flux at the vent.) considerations suggest that our estimate for the overpressure in the Mount St. Helens eruption may be too large. Volcanic eruptions are also very time-dependent. Our results were obtained by fixing K and r vent and time averaging the plume dimensions. For a real volcanic eruption, K and r vent vary in time. The final measured r vent may be much wider than the r vent that should be associated with the observed r peak , leading to underestimates of overpressure. This analysis also neglects the presence of a crater, which can influence the jet decompression leading to higher Mach numbers at the surface or a different decompression pattern. However, even with these complications, the relationship between plume radius and overpressure ratio (equation 4) provides an order of magnitude estimate for vent overpressure that may help constrain conduit and vent dynamics.
1D Analytical Treatments of Overpressured Volcanic Jets
[39] Woods and Bower [1995] offer two different treatments of the expansion of eruptive fluid into the atmosphere, one for ''free decompression'' into the atmosphere and a separate treatment for decompression into a crater. Since our simulations here do not include a crater, we will just consider the former. Additionally, Woods and Bower include the degassing of particulates in their solution. Since this is not included in our models, we remove this complication in the analytical solutions we use for comparison to our models.
[40] In their 1D, analytical model, Woods and Bower apply the momentum principle for a control volume which states that the net force on a fixed volume is equal to the rate of change of momentum within the volume plus the net outflux of momentum through the surfaces. This principle is applicable even in the presence of shock waves and is applied elsewhere to overpressured jets [e.g., Yüceil and Ö tügen, 2002 ]. Woods and Bower assume an axisymmetric flow and place the bottom boundary of their control volume across the vent (i.e., our inflow boundary), the side boundaries at the edge of the jet where P = P atm , and the top boundary at some height at which P = P atm and the density of the jet is equal to the density of the eruptive fluid at atmospheric pressure. They assume all outflux of vertical momentum takes place through the top and bottom boundaries. They set the vertical force on the bottom and top boundaries equal to the pressure times the area at these locations. The vertical force along the side boundaries is assumed to be only the vertical component of the force from atmospheric pressure along the sloped sides. Geometric arguments show this to be equal to atmospheric pressure times the difference between the areas of the vent and the expanded jet (i.e., the top and bottom boundaries).
[41] This treatment of the side boundary condition results in velocity and area predictions that are not very accurate. Figure 10 . Time-averaged radius of peak vertical heat flux above the Mach disk for all overpressured simulations. The distance of the peak vertical heat flux can be seen as a proxy for plume width in these overpressured jets. The plume width increases linearly with vent radius and the square root of the overpressure. The values plotted here are the radial values under the peaks of the curves in Figure 9 . Symbols are simulation data. Line corresponds to only to the equation shown which represents the data trend but is not a calculated curve fit. Figure 11 . Time-averaged peak vertical heat flux above the Mach disk for all overpressured simulations. (a) The peak vertical heat flux in the plume above the Mach disk is decreased by the overpressure as the greater expansion spreads the jet over a greater area. (b) q peak is normalized to q vent in order to account for the increase in q vent with K. Symbols are simulation data. Line corresponds to only to the equation shown which represents the data trend but is not a calculated curve fit. Figure 14 compares the predicted vertical velocities and vent radii from a Woods and Bower type analysis of our vent conditions to the results from our simulations after the fluid has fully expanded. The Woods and Bower type solution for vertical velocity overpredicts the cross-sectionally averaged vertical velocity from our simulations by almost a factor of two (Figure 14a ). The plume radius predicted by the Woods and Bower formulation then underpredicts the compositional boundary of the simulated plumes by almost a factor of two (Figure 14b ). In fact, the plume radius estimate used in section 4.2 based on the radius of the peak velocity in the sheath (r peak /r vent = K 1/2 ) is a better estimate of the plume radius after expansion than is the Woods and Bower analytical prediction.
[42] The simulated values for velocity and plume radius do not match those of the Woods and Bower formulation because the simulations treat the side boundaries much more robustly than is possible in their analysis. There is a significant amount of momentum loss through the side boundaries due to drag and turbulence production that is not taken into consideration in their formulation. This momentum loss results in significantly lower velocities and wider plumes than those predicted by Woods and Bower. Future 1D models of the decompression of volcanic plumes will need to incorporate an appropriate solution for this momentum loss in order to more accurately predict the plume parameters after decompression.
Laboratory Experiments
[43] Although the linear relationships described in section 3.3 of the shock structures and plume dimensions to vent radius suggest that dimensionality is not important, other features of underexpanded jets downstream of these shocks are not directly dependent on vent radius. Therefore using laboratory experiments of underexpanded jets as volcanic analogs also has its problems. The fluid dynamics of the area downstream of the Mach disk is highly dependent on the turbulence generated at the shear layer between the fast moving sheath and the slow moving core. The magnitude of turbulence is typically estimated by the Reynolds number of the jet, defined as Re = ULn À1 , where L is a characteristic length scale (e.g., the radius of the jet), U a characteristic velocity, and n the viscous diffusivity of the eruptive fluid. For our simulations, however, due to numerical viscosity, Re is only about 10 3 -10 4 , approximately the same order as the laboratory scale simulations of Kieffer and Sturtevant [1984] . Estimates for Re for real volcanic eruptions can be greater than 10 11 [Kieffer and Sturtevant, 1984] . Although both our simulations and laboratory experiments have much smaller Reynolds numbers than estimates for real eruptions, both are at least in the turbulent regime for underexpanded Figure 12 . Schematic change in vertical heat flux profile. An illustration showing the geometry of the vertical heat flux distribution at the vent and above the Mach disk. As described in the text, by empirical fit to our data and simple geometric analysis, the shape and magnitude of the vertical heat flux distribution above the Mach disk as a function of overpressure, vent radius, and vent vertical heat flux can be described by the three equations given. Alternatively, one could define an annulus with an average heat flux of 1 = 2 q peak , which would have a thickness of 1 = 3 r vent K 3 = 4 . jets. For a more complete discussion of the fluid dynamics downstream of the Mach disk, see Ogden et al. [2008] .
Overpressured Supersonic Volcanic Jets in Nature
[44] Although the terms ''supersonic'' and ''Mach number'' intuitively suggest almost prohibitively large velocities for a real volcanic eruption, they are relatively easy to achieve for even lower energy eruptions due to the effects of mixtures on sound speed. Kieffer [1977] shows that the speed of sound in a dusty gas is less than the speed of sound in either the particulates or the gas itself. For eruptive fluids, sound speeds can be as low as tens of meters per second [Kieffer, 1977] . Vulcanian, Strombolian, and Plininian eruptions have estimated vent exit velocities ranging from tens to hundreds of meters per second [Wilson and Self, 1980] , which can easily be sonic or supersonic in particulate laden eruptive fluids. In the simulations presented here, we chose to set the inflow velocity of our eruptive fluid to be exactly sonic in order to perform a parametric study of overpressure. The natural system has much more complexity resulting from conduit dynamics and crater effects that are not included in this study. The interaction between an evolving flaring vent and high-speed multiphase eruptive fluid will be the topic of future work. Although we suspect a range of velocities in nature, our assumption of choked flow provides a minimum vent velocity for overpressured volcanic jets that exhibit these shock structures. With increasing vent velocity, the expansion and shock strength increases, and we would expect more pronounced results. Additionally, it is important to recognize that all current observations of volcanic eruptions only provide estimates of the velocities on the outsides of the eruption column. Laboratory studies of overpressured jets [e.g., Kieffer and Sturtevant, 1984] that show the Mach disk structure can only do so because they were able to use optics to average out the turbulent outer flow.
[45] Whether or not an eruption is overpressured, however, is far more complicated. The decompression of a gas through a nozzle or conduit and vent system can result in vent exit pressures that are greater than (K > 1), less than (K < 1), or equal (K = 1) to that of the ambient pressure. This vent exit pressure is dependent on a number of factors, including, but not limited to, the pressure in the magma Figure 13 . Standard deviation (s h ) of Mach disk height on the axis as a function of average Mach disk height for all overpressured simulations. Oscillations in Mach disk height are common in overpressured jets and increase with increasing height of the Mach disk. This phenomenon is related to the larger shear layers produced in larger jets and their interaction with the Mach disk. This turbulence production can be quantified by the Reynolds number, which, for these simulations is of the order 10 4 . Symbols are simulation data. Line corresponds to only to the equation shown which represents the data trend but is not a calculated curve fit. Figure 14 . Comparison of simulation output to 1D model. Using the control volume approach of Woods and Bower [1995] including simplified jet boundaries, predictions for the vertical velocity (a) and plume radius (b) as a function of jet overpressure are shown (1D Model). For comparison, cross-sectionally averaged velocities (Figure 14a ) and plume radii (Figure 14b ) of the simulated plumes (2D Simulation) are shown. Likely due to the simplified boundary conditions that do not account for momentum loss and drag along the sides of the jet, Woods and Bower type analytical solutions underpredict the plume radii of an overpressured jets and overpredict their vertical velocities. chamber, the shape of the conduit and vent, the frictional interaction with the walls, and permeation of gas through the conduit walls. Even without the complicating factors of magma fragmentation, evolution, and rheology, the pressure at the surface can be easily changed by the shape of the vent. One-dimensional analysis shows that simple coneshaped vents are capable of causing decompression of the eruptive fluid before it reaches the surface [e.g., Woods and Bower, 1995] , and this process is also demonstrated computationally by Pelanti [2005] . In addition, experimental studies have shown that the shape of a jet nozzle plays a role in the shape and size of the barrel shock structure and position of the Mach disk [Addy, 1981] . Kieffer [1989] suggested that, in explosive eruptions, the flow from sub-to supersonic conditions through the vent can erode the solid host rock into a nozzle shape and size that maximize mass flux. In support of Kieffer's suggestion, preliminary CFDLib simulations of explosive eruptions involving a compressible, multiphase fluid venting through a solid host rock show that the conduit wall rocks do indeed erode to form a nozzlelike vent in response to the stresses imposed by an overpressured jet [Wohletz et al., 2006] . Thus the effects of an evolving vent shape in solid host rock appear to be very important factors in determining the development of eruption columns and our plan is to address this aspect in future work.
Effects of Simplifications
[46] In addition to holding the vent radius constant in space and time, we make a number of other numerical approximations in order to limit the complexity of the problem and quantify the effects of only a few parameters.
Here we discuss some of these simplifications and their possible effects on the results.
[47] Although these are time-dependent simulations, we have not attempted to truly capture the time-dependent nature of volcanic eruptions. In our simulations, fluid temperature, composition, velocity, pressure and density at the vent are fixed; the highly time-dependent nature of the conduit and magma chamber dynamics is neglected. For example, Anilkumar et al. [1993] and Neri and Gidaspow [2000] show that large fluctuations in particulate distribution exist in high-speed flows, which would lead to an unsteady vent condition. Our simulations assume a constant particulate distribution in time and space across the vent allowing for the formation of relatively stable shock waves. If the particulate distribution is uneven at the vent exit, this may inhibit the establishment of a Mach stem and the associated velocity profile.
[48] A significant simplification in this study is the use of the pseudogas approximation, which has been applied numerous times in volcanic literature [e.g., Kieffer and Sturtevant, 1984; Woods, 1988; Suzuki et al., 2005] . One of the main assumptions of the pseudogas approximation is that the entrained solid particles maintain their homogeneous distribution throughout the flow field. In reality, the fluid dynamics of a multiphase mixture interacting in a supersonic compressible flow with shock waves is far more complicated and is not yet fully understood. The pseudogas approximation is capable of representing the fluid dynamics to first order for the purposes of this study. In fact, several other numerical studies of overpressured volcanic jets using multiphase formulations show many of the same features quantified in this study [e.g., Eposti Ongaro and Neri, 1999; Neri et al., 2002; Pelanti, 2005] .
[49] We also have not included gravity or a stratified atmosphere. On the basis of energy balance principles, this is not likely to produce a significant difference in the small and medium jets of this study. However, the presence of gravity and atmospheric stratification may have an small influence on the scale of the shock structure in the kilometer-scale jets. In addition, as the surrounding atmosphere is entrained in the hot eruptive fluid, the plume would become buoyant. Therefore gravity and atmosphere may have an effect on the dynamics of the shear layer downstream of the Mach disk. However, in the gas-thrust region, inertia dominates the flow. It is unlikely that the lack of buoyancy is strongly affecting the results presented here. We show the effects of vent pressure on buoyant jets by Ogden et al. [2008] .
[50] Spatial resolution is limited in all computational simulations and so there is a question of accuracy. We have tested the sensitivity of our results to doubling the spatial resolution in each direction and have found that the values in Figures 4, 10 , 11, and 13 change by less than the errors in the curve approximations.
[51] One of the important aspects of volcanic plume dynamics is the production of turbulent eddies at the jet boundaries. These eddies are necessary for the entrainment and heating of ambient air and are ultimately responsible for the buoyant nature of volcanic plumes. Since this study is primarily concerned with the shock structures in the inertial jet region, we used no subgrid-scale turbulence model. However, the generation of turbulence at the shear layers plays an important role in the stability of the Mach disk. Many of the resolved eddies formed in the turbulent shear layer between our slow moving core and fast moving sheath rapidly spin into the standing Mach disk causing distortions of up to tens of percent of the total Mach disk height. The effects of the unresolved turbulence will be investigated in the future using a subgrid-scale turbulence model.
Conclusions
[52] Many explosive volcanic eruptions likely involve overpressured sonic or supersonic vent conditions at some point during their activity. The nature of these eruptions strongly depends on the rapid expansion of the fluid out of the vent and the presence of standing shock structures. Studying this complex flow improves our understanding of the connection between the observed plume profiles and the velocities and pressures at the vent. Using our computational simulations, we quantify the effects of the ratio of vent pressure to atmospheric pressure (K) on large scale overpressured (K > 1) jets as follows.
[53] 1.) Jet decompression in volcanic plumes takes place at minimum up to the height (h disk ) of the standing shock wave (the Mach disk), which can be approximated as h disk = 1.7r vent K 1/2 , where r vent is the vent radius. This is a much larger portion of the plume than is assumed in most other models.
[54] 2.) The radius of the plume (r peak ) just above the height of the first Mach disk depends on overpressure and can be estimated by r peak = r vent K 1/2 . This relationship provides a vent pressure estimate that can be made from simple visual and field observations of plume and vent radii.
[55] 3.) The peak vertical heat flux (q peak , Jm À2 s À1 ) in the plume above the Mach disk is drastically reduced by vent overpressure. Relative to the vertical heat flux at the vent (q vent ), this effect is quantified by q peak = 3q vent K À 5 = 4 .
[56] 4.) The presence of standing barrel shocks and Mach disks strongly influences the distribution of vertical heat flux in the lower part of the eruption column. Rather than a Gaussian or top-hat profile that is typically used in plume modeling, our simulations show that the vertical heat flux takes on an annular profile in the gas-thrust region after the fluid passes through the standing shock waves. This profile develops because of the decrease in velocity, by two orders of magnitude, in the core of the jet after it passes through the standing Mach disk. Fluid in the outer region of the jet does not pass through a strong shock wave and therefore becomes a fast moving sheath that surrounds the slow moving core. The thickness (w) of this sheath above the first Mach disk can be estimated by w = 1 = 6 r vent K 3 = 4 .
[57] Although these quantifications are robust for the simulations performed here, it is important to keep in mind the limitations of this study. These results are not meant to stand alone as a description of the flow field of any volcanic jet since they lack the time dependent effects of conduit dynamics, a robust treatment of the multiphase dynamics, and consideration of crater effects. These results do show, however, that high vent pressure can drastically alter the heat flux distribution and plume radius in a way that is not predictable from analytical theory and provide a starting place for the incorporation of overpressure effects into 1D models.
Appendix A: Benchmarking of CFDLib
[58] We validate our codes by simulating well-known laboratory experiments. The approach has the advantage over benchmarking against natural eruptions in that we can compare specific measurable quantities related to the shock structures in overpressured jets, which are the focus of our study. We compare CFDLib simulations to laboratory experiments of sonic underexpanded jets using the methods of Dartevelle [2006] . We compare the height of the Mach disk measured in these experiments against time-averaged values from our simulations. There are a number of different laboratory experiments of overpressured jets from which to choose. We use that of Lewis and Carlson [1964] who fit an empirical curve to their experiments determining the relationship between overpressure ratio (K), Mach disk height (h disk ), nozzle diameter (d), Mach number at the nozzle (M vent ), and isentropic expansion coefficient (g): h disk /d = 0.69 M vent (gK) 1/2 . Figure A1 shows the results from two different laboratory scale simulations (symbols) and the empirical curve of Lewis and Carlson (line) . In the simulations plotted as diamonds, we use a two-dimensional cylindrically symmetric mesh with heights ten times that of the Mach disk and 5 times the Mach disk height in radius. The mesh consists of evenly distributed square grid cells with height and widths of 2 Â 10 À4 m. The simulations plotted as stars are twice the resolution but half the mesh height. For all of our benchmarking simulations, we use air (g = 1.4) as the ambient fluid in the box and the jet fluid and set the inflow velocity to be just sonic (M vent = 1). We specify the same temperature for the inflow temperature as the ambient fluid.
[59] To within 10%, the heights of the Mach disk predicted by our simulations match those measured by Lewis & Carlson. In general, our simulations overpredict the Mach disk height slightly. For the purposes of this study, however, we consider the level of this match encouraging as there are many complications to this kind of benchmark. First, it is never possible to exactly simulate a laboratory experiment. For example, our simulations use a flat inflow boundary with a top-hat velocity profile in radius at the vent to represent the nozzle in the experiments. It is unlikely that the fluid in the experiment has a consistent velocity that neglects drag along the nozzle walls. In addition, the exact shape of the nozzle is known to change the height of the first Mach disk [Addy, 1981] . Since we are not taking nozzle shape into consideration in these preliminary simulations, some error is introduced here. As with all comparisons to laboratory data, it is important to keep in mind that although simulations afford almost complete spatial and temporal coverage of the system, laboratory data is often dependent on snapshots of often difficult to measure data. In our benchmark, we have chosen to use an empirical formula based on numerous experiments and time averages of our own simulations to help limit the discrepancies that come from comparing snapshots of data.
Notation c sound speed (m s À1 ). C P specific heat capacity of a gas at constant pressure (J kg À1 K À1 ). C V specific heat capacity of a gas at constant volume (J kg À1 K À1 ). C S specific heat capacity of a solid (J kg À1 K À1 ). Figure A1 . Positive results of benchmark simulations of laboratory underexpanded jets. Simulations based on the laboratory experiments of Lewis and Carlson [1964] . Line is a curve fit of the empirical equation determined by Lewis and Carlson. Diamonds are time averaged data from our simulations of air jets at the same scale and inflow velocity. Stars are simulation results at higher resolution but smaller mesh height and width. Diamond simulations have a mesh that is scaled to the Mach disk height in a similar way to the large scale jets of this paper.
